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1 Introduction

In the past decades, many authors have studied the fractional integral inequalities and applications via
the Riemann- Liouville fractional integral. For example, we refer the reader to [1-10] and the references
therein. In[12], F. Qi posed the following inequality

t—1

ff[f(x)]tdx > (f:f(x)dx) ,t>1. . (1)

Most of the researchers have given considerable attention to (1) and a number of extensions, generalizations
and variants have appeared in the literature (see [7, 9, 12, 13, 14]).

Moreover, recently in [8] the author studied the following similar inequality:

frreopac<|ft feal L @

where p>2, 0<m<f(x)<MandM < m(p‘l)z/(b —a)? on|a,b].

In the present paper, we establish some fractional inequalities of Riemann-Liouville type for the
inequality (1). To illustrate the results, applications of our result to fractional differential and integral equations
are also indicated.
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2 Definitions of Fractional Integral and Derivatives

In this section, we review a few basic notation and definitions of complex numbers. Moreover, we
present some definitions and properties of fractional integrals and derivatives, which we will need later in the
analysis of our new results.

Definition 1: [5] We define LP(a,b) = LP[a,b], p =1 as a space of measurable functions for which
(f:lf(x)lpdx) < oo and in which the norm is defined as ||f]l,, = (f |f(x)|pdx) :

Definition 2: [12, 15] The left Riemann-Liouville fractional integral of order « € C is defined by

JEF) = = [[(t—O*f(§)dé, telab]l, Re(@>0 .. (3)

1"( )a
where I' is gamma function.
Definition 3: [12, 15] The right Riemann-Liouville fractional integral of order « € C is formally given by

JSF() = ﬁ [ -9 f(©)de, telabl, Re(@>0. ... (4)

Definition 4: [11] The left Riemann-Liouville fractional derivative of order a € C is formally defined by

DEF(E) = s S [ (=" (O)dE, t€(ab), n—1<Re(@<neN

Definition 5: [12] The right Riemann-Liouville fractional derivative of order a € C is defined as

Dpf(t) = (-D)" F(n " dtnf (t—o"*1f(e)de, te (a,b), n—1 < Re(a) <n€N.

Proposition 1: [5] Suppose that

@ 0<a<1, feLP(ab), g €Li(a,b). Then

L2 F© ( al,f‘g(t)) dt = [7( JEF©)gD)dt , for p,g>1 and%+% <l+a.
(0) 0<Re(a)<1,f€ JEULP), g€ J&(LI). Then

[P F@ (aDEg(®)dt = [;( DEF(D))g(B)dt , for p,q = 1and % + 3 <l+a.

3 Main Results
In this section, we will state our main results and for these we will give their proofs.

Theorem 2: Let f, g € LP(a, b) be two nonnegative functions with 0 < m < f(t)/ ¥ g(t) <M < « and
JdEF@), ¢Ifg(t) € Li(a,b) on the interval[a, b]. Then for p,q = 1 and % + % < 1 we have

[P OPLJEg©O)de < MPm @ [P JEFO1T[gOPdt, o ™
and hence
[P OB g de < Mom e (2L aefO1 | [[Lg@aef . ©
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Proof: Holder's inequality for the functions f(t) and I g(t) gives

PU@PLafg©) e < [ Od] |17 o de]"

This leads to

1 1

U @PLEg©]ade < [ @PI @] [ff 291 [l g(0) 1"

Form the hypotheses we have [f(t)]r < MP[ 4Ifg(t)]? and [ Jfg(t)] 2 < m 4a[f(t)]e and hence the last
equation becomes

[

b1 11 1 1 oprer 1 1
f[f(t)]”[ Itg(t)]th<M p? 2“ [FOIP[ If‘g(t)]th] U [f(t)]p[alé"g(t)]th]

1

= Mr*m qu [f(t) [ oIfFg ()] %dt. ...... 9

Hence, the inequality (7) is proved. Now, we use the following inequality

f:[f(t)]E[ JdEg(D)]adt < [f; f(t)dt]g [f; JdEg()] ]E into equation (9) and then using proposition 1, we
obtain the inequality(8).
Theorem 3: Let f €LP(a,b) be a nonnegative function with 0<m<f(t)<M <o and

P(2—q)ym®-1?
JEF(t) € L(a, b) on the interval[a, b]. Thenforp > 2and M < G=OmP 7

O we have

U@ < [ aer@ad > (10)

Proof: By substituting g(x) = % into equation (7) we obtain f:[f(t)]Edt <C [f; JdFEf()dt] ] P

where

1 1-a

2 )

P(2- (p-1)?
c=200 P Because M < UM

oo so C < 1 and this ends the proof. If directly, we replace

the fractional integral by fractional derivatives in the above Theorem 2, we can proof it similarly.
Example 1: Let f(x) = (1 —t)?> + 3 foreacht € [1 2] withm =3 and M = 4.

By choosing p = 3 and a = 0.5, we conclude that all the conditions of Theorem 3 are fulfilled and
we obtain via a straightforward calculation

2
S2((1 - 02 +3)3dt = 1.4925 < /7 1105((1 - 62 + 3)dt|* ~ 1 8068.

Example 2: Let f(x) = 4t3 + 2 on the interval [0, 1] withm =2 and = 4 .
Taking p = 4 and a = 0.75, we see that all the conditions of Theorem 3 are fulfilled and a

straightforward calculation gives

W

[ (at% + 2)2dt = 12519 < [ [ oI275(4¢® + 2)dt|' ~1.2842.
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